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Abstract

In recent years, metric learning methods based on pair-
wise side information have attracted considerable interests,
and lots of efforts have been devoted to utilize these meth-
ods for visual analysis like content based image retrieval
and face identification. When applied to image analysis,
these methods merely look on an n1 ×n2 image as a vector
in R

n1×n2 space and the pixels of the image are considered
as independent. They fail to consider the fact that an image
represented in the plane is intrinsically a matrix, and pixels
spatially close to each other may probably be correlated.
Even though we have n1 × n2 pixels per image, this spa-
tial correlation suggests the real number of freedom is far
less. In this paper, we introduce a regularized metric learn-
ing framework, Two-Dimensional Smooth Metric Learning
(2DSML), which uses a discretized Laplacian penalty to re-
strict the coefficients to be two-dimensional smooth. Many
existing metric learning algorithms can fit into this frame-
work and learn a spatially smooth metric which is better
for image applications than their original version. Recog-
nition, clustering and retrieval can be then performed based
on the learned metric. Experimental results on benchmark
image datasets demonstrate the effectiveness of our method.

1. Introduction

In the area of computer vision and object recognition,

images are usually represented as vectored data, which are

easy to handle since they can be mathematically abstracted

as points residing in an Euclidean space. One of the most

successful example is the appearance-based method [16],

where an image of size n1 × n2 pixels are linearized to an

n1 × n2-dimensional vector. An appropriate distance met-

ric in this space spanned by image data plays a key role in

many learning algorithms, e.g., k-means clustering, nearest-

neighbor classification. However, commonly used distance
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metrics such as Euclidean distance and Mahalanobis dis-

tance are usually not very well adapted to most empirical

problems, in that they cannot highlight the distinctive fea-

tures for a certain task. Therefore, to apply a proper distance

into these practical uses, many distance metric learning al-

gorithms have been proposed to reveal the semantic mean-

ing between different samples [24, 22, 7, 12, 18, 15].

Supervised distance metric learning aims to learn a dis-

tance metric from training data associated with either ex-

plicit class labels [10, 9, 22] or side information [23], which

indicates whether two data points are similar or dissimi-

lar in the form of pairwise constraints. Xing et al. [23]

first formulated the problem into a constrained convex pro-

gramming by minimizing the distance between similar data

points under the constraint that dissimilar points are well

separated. Following their work, Relevance Component

Analysis (RCA) [2] seeks a distance metric minimizing

the covariance matrix imposed by only the similar con-

straints. Information-Theoretic Metric Learning (ITML) [7]

employs an information-theoretic regularization term and

learns the distance metric by minimizing the Bregman di-

vergence. Recently, Qi et al. [18] proposed Sparse Dis-

tance Metric Learning (SDML), by imposing a sparse prior

on the off-diagonal elements of Mahalanobis matrix, which

complies to the fact that the concentration matrix in high-

dimensional space is often nearly sparse.

In [12], Hoi et al. presented the semi-supervised dis-

tance metric learning framework, which utilizes unlabeled

data that are not originally involved in the pairwise con-

straints, resulting in a more generalized procedure: Lapla-

cian Regularized Metric Learning (LRML). Baghshah and

Shouraki [1] introduced a kernelized version for non-linear

transformation. The idea was further extended in Semi-

Supervised Sparse Metric Learning (S3ML) [15], in which

the affinity propagation technique and the sparse constraints

are incorporated into the framework. With its adaptability

to scarce or noisy pairwise constraints, semi-supervised dis-

tance metric learning has a broad spectrum of applications

such as content-based image retrieval (CBIR) [12].

In recent years, though considerable efforts have been
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devoted to utilize the power of (semi-)supervised distance

metric learning in visual analysis [12, 11], all of them con-

sider an image as a high-dimensional vector. As a result, the

pixels are considered as independent pieces of information.

However, an n1 × n2 image is intrinsically a matrix and

pixels are likely to have spatial correlation to their neigh-

borhood. Even if we have n1 × n2 pixels per image, the

spatial correlation suggests that the real number of freedom

is far less [4].

On the other hand, there has been a growing interest

in applying higher order smoothing approaches to image

de-noising [3], image reconstruction [5], and face recog-

nition [4]. Inspired by their work, we introduce a Two-
Dimensional Smooth Metric Learning (2DSML) framework

with a discretized Laplacian penalty to explicitly constrain

the two-dimensional smoothness. Rather than considering

the mapping function as an n1 × n2-dimensional vector,

we view it as a matrix, or a discrete function defined on an

n1 × n2 lattice. Thus, the discretized Laplacian [4] can be

applied to the mapping functions to measure their smooth-

ness along horizontal and vertical directions. This penalty

allows us to incorporate the prior information that neigh-

boring pixels are spatially correlated. Once the distance

matrix is learned, many learning algorithms such as nearest-

neighbor classification can be effectively applied.

2. Metric Learning with Pairwise Constraints
Generally, assume we have m n1 × n2 images. Let

X = {xi}mi=1 ⊂ R
n (n = n1 × n2) denote their vector

representations and X = [x1,x2, . . . ,xm] ∈ R
n×m. Two

sets of pairwise constraints among these data points [23]:

S = {(i, j)|xi and xj are similar},
D = {(i, j)|xi and xj are dissimilar}, (1)

are also provided, where S is the set of similar pairwise con-

straints, and D is the set of dissimilar pairwise constraints.

Each pairwise constraint (i, j) indicates if two data points

xi and xj are similar or dissimilar judged by users under

certain applications [23].

For any pair of points xi and xj , the Mahalanobis dis-

tance dM (xi,xj) is:

dM (xi,xj) = ‖xi − xj‖M =
√

(xi − xj)TM(xi − xj)

=
√

Tr (M(xi − xj)(xi − xj)T ), (2)

where Tr(·) stands for the trace operator, and M ∈ R
n×n

is a symmetric metric matrix. In general, the symmetric

matrix M is a valid metric if and only if it satisfies the non-

negativity and the triangle inequality properties. In other

words, M must be positive semi-definite, i.e., M � 0. As a

common case, when M is the identity matrix I ∈ R
n×n, the

distance in Eq.(2) becomes the common Euclidean distance.

In practice, to learn a distance metric, one can assume

that there is some linear mapping U : R
n → R

r, where

U = [u1,u2, . . . ,ur] ∈ R
n×r such that M = UUT [6].

Thus, the Mahalanobis distance between two examples can

be computed as:

dM (xi,xj) = ‖UT (xi − xj) ‖ (3)

The goal of distance metric learning is to learn an opti-

mal distance metric M � 0 from a collection of data points

X , together with a set of pairwise constraints S and D,

based on certain loss function f(M,X ,S,D) [12]. Thus,

formulating a proper objective function f(·) is crucial in

metric learning.

In the following, we would like to briefly summarize the

state-of-the-art objective functions f(·) devised for (semi-

)supervised metric learning algorithms, which can be for-

mulated in a regularization framework with different terms

representing different priors.

2.1. Log-Determinant Divergence

A natural assumption of distance metric learning is that

M is close to a known prior M0 ∈ R
n×n. Here M0 can

be either the sample concentration matrix Σ−1 (Σ is the

sample covariance matrix) which gives knowledge about

the sample distribution, or the identity matrix In, which

gives the most unbiased prior to the metric [18]. Based on

this assumption, a distribution prior that parameterizes the

Mahalanobis distance or the Euclidean distance is imposed.

This term seeks to regularize M to be as close as possible

to a given Mahalanobis metric M0 by minimizing the log-

determinant (or Kullback-Leibler) divergence function [7]:

fD(M) = Dg(M‖M0) = Tr(M−1
0 M)− log det (M)−n,

(4)

where the constant n can be ignored in the optimization.

2.2. Incorporating the Side Information

A natural extension of Eq.(4) is to incorporating infor-

mation from both the pairwise constraints and the unlabeled

data. In the literature [12, 15], this goal is accomplished by

a term fL(·), which builds on a certain graph affinity matrix

W ∈ R
m×m that each entry wij measures the strength of

similarity between xi and xj . Specifically, fL(·) is defined

as follows [12]:

fL(M,X ,S,D)

=
1

2

n∑
i,j=1

‖xi − xj‖2Mwij = Tr
(
XLXTM

)
, (5)

where D is a diagonal matrix with dii =
∑n

j=1 wij . L =
D − W is known as the graph Laplacian. Please see [12]

for the detailed derivation.
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In Laplacian Regularized Metric Learning (LRML) [12],

two graph affinity matrices WS ∈ R
m×m and WD ∈

R
m×m are constructed to encode the side information:

wS
ij =

{
1, if (i, j) ∈ S
0, otherwise

(6)

wD
ij =

{ −1, if (i, j) ∈ D
0, otherwise

. (7)

Moreover, to take the full advantage of unlabeled data and

remedy over-fitting, they designed a nearest-neighbor graph

WN ∈ R
m×m aimed to absorb all data information:

wN
ij =

{
1, if xi ∈ Nk(xj) or xj ∈ Nk(xi)
0, otherwise

, (8)

where Nk(xi) stands for the k nearest neighbor list of

xi [12].

Then the graph W that LRML defines is

W = WN + γsW
S + γdW

D, (9)

where γs and γd are two regularization parameters to bal-

ance the tradeoff between similar and dissimilar constraints

as well as the nearest neighbor information.

Recently, Liu et al. [15] argued that such a linear com-

bination may fail to absorb the pairwise constraints when S
and D contain very few data instances. In order to take full

advantage of the limited semi-supervision, in their method,

Semi-Supervised Sparse Metric Learning (S3ML), the affin-

ity matrix W is constructed in an affinity propagation strat-

egy:

W ∗ = (1− α)(In − αW̄N )−1(WS +WD), (10)

where W̄N is the normalized nearest neighbor graph with

row entries summed up to 1. Then the final graph W is ob-

tained by zeroing out all the entries of W ∗ whose absolute

values are smaller than a certain threshold [15].

So far, the optimization problem for metric learning with

side information is:

min
M�0

f1(M,X ,S,D) = fD(M) + γfL(M,X ,S,D)

= Tr
(
(M−1

0 + γXLXT )M
)− log det (M). (11)

This problem has an analytical optimal solution M∗ if

Σ = M−1
0 + γXLXT � 0 holds [12]. And in practice,

a regularization term for positive definiteness is needed to

give the final M∗:

M∗ =
(
M−1

0 + γXLXT + σIn
)−1

, (12)

where σ > 0 and In ∈ R
n×n is the identity matrix [12].

2.3. Exploring the Sparsity

Regarding Σ = M−1
0 + γXLXT as a sample covari-

ance matrix, the problem of metric learning can be con-

verted to the problem of learning the structure of a undi-

rected graphical model in statistics [8]. Assuming the data

observed have a multivariate Gaussian distribution, then

wherever mij = 0, features i and j are conditionally in-

dependent given other features [8]. Empirically, the Ma-

halanobis matrix Σ−1 is nearly sparse in high-dimensional

space, this motivates researchers to learn the zero-pattern

of M = Σ−1 by introducing the �1-norm of M , i.e.,

fS(M) = ‖M‖1 [8, 20]. Besides, the �1 regularization

can also help speedup the training time because of a more

sparse M . Therefore, Many researchers applied this idea to

constitute a sparse metric [19, 13, 25], e.g., Qi et al. [18]

formulated the Sparse Distance Metric Learning (SDML)

as:

min
M�0

f2(M,X ,S,D) = f1(M,X ,S,D) + λfS(M)

= Tr
(
(M−1

0 + γXLXT )M
)

− log det (M) + λ‖M‖1, (13)

where λ is the parameter trading off between sparsity prior

and the others. S3ML [15] followed this idea.

3. Visual Analysis with Spatial Smoothness
In this section, we describe how to apply Laplacian

penalized functional to measure the smoothness of the

mapping functions U in metric learning, which plays the

key role in our Two-Dimensional Smooth Metric Learning

(2DSML) approach. We begin with a general description of

Laplacian smoothing.

3.1. Laplacian Smoothing

Let u(·) be a function defined on a region of interest,

Ω ⊂ R
d. The function operator L is defined as follows [14]:

Lu(t) =
d∑

j=1

∂2u

∂(t(j))2
. (14)

The Laplacian penalty functional, denoted by G, is defined

by:

G(u) =
∫
Ω

[Lu]2dt. (15)

Intuitively, G(u) measures the smoothness of the function

u over the region Ω [4]. In this paper, we primarily focus

on images, which are essentially two-dimensional signals.

Therefore, we take d to be 2.

3.2. Discretized Laplacian Smoothing

As described previously, n1 × n2 images can be rep-

resented as vectors in R
n (n = n1 × n2). Let
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D(j) be an nj × nj matrix that yields a discrete ap-

proximation to ∂2/∂(t(j))2 (j = 1, 2). Then if

v = (v(t1), v(t2), . . . , v(tnj )) is an nj-dimensional vec-

tor which is discretized version of a continuous function

v(t(j)) on j-th dimension, then D(j) should have the prop-

erty that [4]:

[D(j)v]i ≈ ∂2v(ti)

∂(t(j))2
, i = 1, 2, . . . , nj . (16)

There are many options for D(j) [21]. In this paper, we use

D(j) by modifying the Neumann discretization [17]:

D(j) = nj

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1 0
1 −2 1

1 −2 1
· · ·

1 −2 1
1 −2 1

0 1 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(17)

To give a more concrete idea of the nature of the discretized

penalty, let us examine ‖D(j)v‖2 in the one-dimensional

case:

‖D(j)v‖2 =
[v(t2)− v(t1)]

2

h2
j

+

[
v(tnj )− v(tnj−1)

]2
h2
j

+
1

hj

nj−1∑
i=2

hj

[
v(ti−1) + v(ti+1)− 2v(ti)

h2
j

]2

≈ [v′(t1)]
2
+
[
v′(tnj )

]2
+

1

hj

∫ [
v′′(t(j))

]2
dt(j), j = 1 or 2, (18)

where hj = 1/nj is the step length of integration. Eq.(16)

shows that ‖D(j)v‖2 is proportional to the discrete approx-

imation of Laplacian penalty of function v defined over t(j).
For an image of size n1 × n2, the region of interest

Ω is essentially a two-dimensional rectangle. And there

are totally n2 n1-dimensional rows and n1 n2-dimensional

columns in it. Let u ∈ R
n be the mapping functions ob-

tained by a certain distance metric learning scheme, and

u(i,j),i = 1, 2, . . . , nj be a sub-vector of u corresponding

to either the i-th row or the i-th column of the rectangle.

Then according to Eq.(16), the two-dimensional smooth-

ness on this lattice could be discretely approximated by

the (weighted) sum of Laplacian penalty over all such sub-

vectors:

G(u) =
∑
j=1,2

1

nj

nj∑
i=1

‖D(j)u(i,j)‖2. (19)

This objective function can be rewritten in a more compact

form of ‖Δu‖2, with Δ defined as follows [17]:

Δ =
1√
n1

D(1) ⊗ I(2) + I(1) ⊗ 1√
n2

D(2), (20)

where I(j) ∈ R
nj×nj is the identity matrix for j = 1, 2,

and ⊗ is the kronecker product.

3.3. The Algorithms

From the above description, we hereby present a two-

dimensional smoothness term for metric learning in visual

analysis:

fG(M) = ‖Δ · U‖2F = Tr(UTΔTΔU)

= Tr(ΔTΔUUT ) = Tr(ΔTΔM), (21)

where ‖ · ‖F stands for the Frobenius norm. This term

can be easily incorporated into the regularization frame-

work of metric learning. Given objective functions defined

in Eq.(11) and Eq.(13), our 2DSML approach can be for-

mally defined as the following:

min
M�0

f1(M,X ,S,D) + ζfG(M)

= Tr
(
(M−1

0 + γXLXT + ζΔTΔ)M
)

− log det (M), (22)

and

min
M�0

f2(M,X ,S,D) + ζfG(M)

= Tr
(
(M−1

0 + γXLXT + ζΔTΔ)M
)

− log det (M) + λ‖M‖1. (23)

With the choice of different W and with/without sparse reg-

ularization, our approach can give two-dimensional smooth

versions of existing metric learning methods, and since the

smoothness term fG(M) is naturally incorporated into the

trace norm, all the existing algorithms can be easily adapted.

4. Experimental Results
In this section, several experiments were conducted

to demonstrate the effectiveness of the proposed Two-

Dimensional Smooth Metric Learning (2DSML) frame-

work on benchmark image datasets.

4.1. Datasets and Compared Algorithms

Two image datasets are used in our experiments. The

first one is CMU PIE face database1, which contains 32×32
cropped face images of 68 persons. Each person has 170 fa-

cial images under different illumination conditions and ex-

pressions. The second is YaleB face database2. It has 38 in-

dividuals and around 64 near frontal images under different

illuminations. For numerical considerations, the features

(gray-scale values) are manually scaled to [0, 1] (divided by

256). Then the whole dataset is randomly partitioned into

1http://www.ri.cmu.edu/projects/project 418.html
2http://cvc.yale.edu/projects/yalefacesB/yalefacesB.html
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Table 1. Classification error rate ER with varying number of side information on PIE & YaleB.(%)

|S| 0 500 1000 1500 2000 2500 3000
Avg.|D| 0 2500 5000 7500 10000 12500 15000

PIE

EU 24.03±0.50 24.03

MAH 14.54±0.60 14.54

LRML 12.75 ± 0.44 12.72 ± 0.46 12.62 ± 0.44 12.58 ± 0.44 12.49 ± 0.46 12.38 ± 0.46 12.13 ± 0.45 12.53

SDML 11.21 ± 0.44 11.15 ± 0.45 11.11 ± 0.45 11.05 ± 0.44 10.97 ± 0.47 10.91 ± 0.48 10.80 ± 0.45 11.02

S3ML 13.15 ± 0.36 11.05 ± 0.53 9.64 ± 0.41 9.34 ± 0.47 8.72 ± 0.41 8.47 ± 0.34 8.21 ± 0.39 9.80

2DSML 8.33 ± 0.37 8.13 ± 0.36 7.94 ± 0.34 7.77 ± 0.35 7.62 ± 0.34 7.49 ± 0.34 7.35 ± 0.37 7.81

YaleB

EU 25.62±1.32 25.62

MAH 32.39±1.62 32.39

LRML 18.44 ± 1.33 18.11 ± 1.73 15.19 ± 1.85 13.11 ± 1.55 11.09 ± 1.48 10.22 ± 1.36 10.08 ± 1.23 13.75

SDML 14.98 ± 1.80 11.62 ± 1.50 10.95 ± 1.32 10.01 ± 1.36 9.84 ± 1.23 9.20 ± 1.23 9.09 ± 1.44 10.82

S3ML 25.62 ± 1.34 19.30 ± 1.71 10.14 ± 1.60 9.82 ± 1.40 9.67 ± 1.52 9.22 ± 1.39 9.11 ± 1.23 13.27

2DSML 9.59 ± 1.23 9.39 ± 1.13 9.26 ± 1.08 8.91 ± 1.21 8.62 ± 1.34 7.92 ± 1.37 7.88 ± 1.18 8.80

training and testing sets. Specifically, 50 images per person

are selected and the remaining images are used for testing.

For each dataset, we apply seven metrics listed below:

Euclidean. The Euclidean distance as a baseline algorithm,

denoted as “EU”.

Mahalanobis. A standard Mahalanobis metric parameter-

ized by the sample concentration, denoted as “MAH”.

LRML [12]. Laplacian Regularized Metric Learning

whose affinity graph is constructed as Eq.(9).

SDML [18]. Sparse Distance Metric Learning which

works under pairwise constraints and produces sparse

metrics.

S3ML [15]. Semi-Supervised Sparse Metric Learning

which produces sparse metrics and constructs affinity

graph in an affinity propagation strategy.

2DSML. Two-Dimensional Smooth Metric Learning pro-

posed in this paper. Due to space limitation, we only

implemented Eq.(22) of 2DSML as a demonstration,

which is a direct extension of LRML.

Note that we only compare the state-of-the-art metric learn-

ing algorithms supporting pairwise constraints. Popular

methods [22, 9, 10] are not considered here for they need

an explicit class label for each sample.

4.2. Nearest Neighbor Classification

We consider the 1-nearest neighbor classifier to evalu-

ate the discriminating power of different metrics, since a

good distance metric should yield high classification accu-

racy. For each testing sample xi, we find its nearest neigh-

bor x′
i in the training set using different metrics. Let c(x)

be the ground truth class label for x, the nearest neighbor

classification error rate (ER) is defined as:

ER = 1− 1

N

N∑
n=1

δ(c(xi), c(x
′
i)), (24)

where N is the number of data points and δ(a, b) = 1
if a = b and 0 otherwise. In the training data, we ran-
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Figure 1. Model selection for 2DSML.

domly construct similar and dissimilar pairwise constraint

sets of different sizes. In the extreme case, we provide

no side information (S and D are empty) to see how the

(semi-)supervised metric learning algorithms perform un-

der totally unsupervised scheme. The evaluation process

is repeated for 10 times. The sample concentration Σ−1

is chosen as the matrix to be approximated. Parameters

k = 6, γs = 1 and γd = 0.1 are fixed for all methods.

The propagation parameter α for W in S3ML is 0.5. For

2DSML, we use two-fold cross validation on the training

dataset to tune the smoothing parameter ζ, while fixing all

the other parameters identical to LRML, its corresponding

un-smoothed version.

With regard to the algorithm, LRML and 2DSML

only need a matrix inverse, and alternating linearization

method [20] are applied to solve the optimization in SDML

and S3ML.

Table 1 summarizes the results for all the compared

methods. It can be seen that 2DSML significantly outper-

forms other metric learning algorithms in both datasets. The

reason lies 2DSML explicitly considers the spatial relation-

ship between the pixels in an image. The use of spatial in-

formation significantly reduces the number of degrees of

freedom. Therefore, 2DSML can have good performance

even when there is no side information available.
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4.3. Model Selection

The ζ ≥ 0 is an essential parameter in our 2DSML

model, which controls the smoothness of the estimator.

When ζ = 0, the 2DSML model will reduce to the or-

dinary metric learning approach. When ζ → ∞, the

2DSML model will choose a two-dimensional smooth map-

ping function and ignore the information from the data and

the constraints. 2DSML with an appropriate ζ is a trade-off

between these two extreme cases. Thus how to choose the

parameter ζ , or how to select the model. In this subsection,

we fix |S| = 1000 and |D| = 5000 and study the impact of

parameter ζ on ER.

Figure 1 shows how the average performance of 2DSML

varies with the parameter ζ. The result of LRML is also de-

picted as a baseline method. As we can see, 2DSML is very

robust with respect to ζ. It achieves consistently significant

better performance with ζ varying from 10−1 to 101.

5. Conclusions

This paper proposes a new family of metric learning

methods termed Two-Dimensional Smooth Metric Learn-

ing (2DSML) for visual analysis. In contrast to other metric

learning techniques, the proposed 2DSML explicitly con-

siders the spatial relationship between the pixels in im-

ages. By introducing a discretized Laplacian penalized

functional, the number of degrees of freedom is signifi-

cantly reduced, resulting in a Mahalabonis metric smoother

than those obtained by the existing metric learning algo-

rithms. The promising results on PIE and YaleB datasets

show that 2DSML is superior to the state-of-the-art metric

learning approaches for visual analysis.
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